Abstract-We consider spatially invariant consensus networks in which the link weights, the directed graph describing the interconnection topology, and the temporal dynamics, are all characterized by circulant matrices. We seek the best new links, subject to budget constraints, whose addition to the network maximally improves its rate of convergence to consensus. We show that the optimal circulant link creation problem is convex and can be written as a semidefinite program. Motivated by small-world networks, we apply the link creation problem to circulant networks which possess only local communication links. We observe that the optimal new links are always sparse and long-range, and have an increasingly pronounced effect on the convergence rate of the network as its size grows. To further investigate the properties of optimal links, we restrict attention to the creation of links with small strengths, which we refer to as weak links. We employ perturbation methods to reformulate the optimal weak link creation problem, and uncover conditions on the network architecture which guarantee sparse and longrange solutions to this optimization problem.
I. INTRODUCTION
Small-world networks [1] have been the topic of intense research in the past decade and are observed in biological, social, and technological networks [2] - [4] . Intuitively, these networks are characterized by their regular short-range, and sparse long-range links; nodes are only locally clustered and yet almost any node can be reached from any other via a small number of hops. In an influential paper [5] , numerical evidence was used to suggest that the addition of sparse long-range links to (unweighted and undirected) regular networks leads to a dramatic improvement in their rate of convergence to consensus. It was thus conjectured that small-world networks could be used to achieve 'ultrafast consensus' in a spectrum of applications.
Given the hypothesis that the complex structures of real-world networks are optimal or nearly optimal for the function they serve [6, Chap. 14], we are driven to answer the following questions: Are small-world networks optimal or nearly optimal in the way they balance link creation and collective performance? Is nature solving an optimization problem when it arranges in the form of a small-world network the anatomical connections in the brain and the visual system [7] - [9] ? Are humans optimizing an objective when we configure our transportation networks and power grids in a small-world topology [10] , [11] ?
In this paper, we consider the problem of link creation for the purpose of consensus facilitation in circulant networks [12] , [13] . We frame our network design problems in the context of social networks and consensus formation via the DeGroot model [14] as a motivational application and concrete instance of collaborative behavior. We focus on regular networks described by circulant matrices, given that small-world networks have been generated within the context of regular lattices in the literature [1] , [15] . From a physical point of view, a circulant network can be interpreted as a homogenous one where every node represents an aggregation of many agents (e.g., a small community). Results obtained for circulant networks can provide important insights and guidelines for the design of efficient communication architectures for more general classes of networks [16] .
We demonstrate that the optimal link creation problem is convex and can be formulated as a semidefinite program. Solutions of the optimization problem indicate that, when the budget for link creation is small, the optimal links have the property of being both sparse and long-range for large classes of networks with local communication links. Motivated by this observation, we use perturbation methods to analytically investigate the topology of optimal weak links, i.e., communication links of small strength. From a physical standpoint, weak links can be interpreted as infrequent communication between nodes [17] . Perturbation methods allow us to uncover conditions on the network architecture which guarantee the sparsity and long-range property of optimal weak links. The obtained results suggest that small-world networks are optimal in the way they balance parsimonious link creation and harmonious collective behavior.
Our contributions are most related to the work of Latora and Marchiori [18] on economic small-world networks, Olfati-Saber [5] on ultrafast consensus in small-world networks, Baras and Hovareshti [19] on efficient communication topologies in networked systems, Zelazo et al. [20] on the design of cycles in consensus networks, and Boyd et al. [21] on fastest mixing Markov chains and the exploitation of symmetry groups in network graphs. Except for [18] , the mentioned papers are restricted to symmetric communication links corresponding to undirected graphs (and in the case of [5] , [19] , [20] , also unweighted), whereas the communication links in this work are allowed to be both directed and weighted. Our work further differs from [5] , [18] in that new links result from the solution of an optimization problem rather begin generated randomly. As opposed to [18] , [19] , where distance-based global and local measures of efficiency and the graph-theoretic notion of number of spanning trees respectively are used to characterize performance, we measure a network's performance by the speed with which it achieves consensus. While [20] develops an analytical framework for finding the best links with which to augment graphs that are spanning trees, in this work our only assumption on the original graph is its circulant structure. Similar to [21] , we exploit problem symmetry, namely the spatial invariance of the network, to obtain optimal values of link weights. However, in contrast to [21] , our primary focus is on detecting pivotal communication topologies in the network. We perform this task by not assuming a predetermined communication topology and rather incorporating a budget constraint for new link creation. Moreover, a distinguishing feature of this work compared to existing literature is that through exploitation of problem structure and use of a perturbation framework, we demonstrate the sparsity and long-range property of optimal weak links.
II. PROBLEM FORMULATION
We consider a network of n agents whose beliefs evolve according to the DeGroot model [14] 
where the inequality is elementwise. Here, x(k) is a column n-vector composed of values that represent the beliefs of agents at time k; T is a (not necessarily symmetric) matrix [22] whose nonnegative entries sum to one in every row; and 1 is the column n-vector of all ones. These dynamics imply that, at every time instant, agents update their beliefs by taking a weighted average of those they interact with. In particular, if the network is initialized at some x(0) whose entries all belong to the interval [0, 1], then the entries of x(k) remain within this interval for all k ≥ 0. If all diagonal entries of T are positive and the graph described by T is strongly connected then all eigenvalues of T except for one at λ = 1 belong to the open unit disk [23] , and the network (1) reaches consensus asymptotically [14] .
Reference [16] considers a framework where the network as a whole is allotted a budget with which to create new links for the purpose of improving its collective consensus performance. Let σ i denote the sum of weights corresponding to the new links created by the ith agent,
For the ith agent to create new links of total weight σ i , it has to 'make room' in its current weighted averaging scheme by scaling down with a factor of 1−σ i the weight of its existing links. Let the elementwise nonnegative matrix U describe the weight and distribution of the new links, so that the (i, j)th entry of U signifies a new link made by agent i to receive information from agent j. Then the entries in the ith row of U sum to σ i , or equivalently U 1 = σ, where σ is a vector whose ith entry is σ i . Node values in this augmented network evolve according to (1) with T replaced by ST + U and S := I −diag{σ}. We can thus formulate an optimal link creation problem subject to a constraint on the total weight of new links maximize f (U )
where the optimization variables are the matrices U, S, all inequalities are elementwise, and X 1 := i,j |X ij | for any matrix X. The objective function f characterizes the collective performance of the network, which in the present work is taken to be the efficiency with which the network achieves consensus.
In contrast to [12] , [16] , and motivated by the investigation of the properties of small-world networks [1] - [4] , in this work we restrict attention to spatially invariant networks described by circulant matrices. This in particular implies that the matrices T, U, S are circulant and the preceding optimization problem can be rewritten as
where the optimization variables are the matrices U, S and the scalar d, and 1 ≥ δ := /n. The parameter δ represents the total amount of resources available to each node with which to make new links. The matrix R is zero everywhere except on its first lower subdiagonal and its (1, n)th entry, where it takes the value one; the constraint U R = R U is a necessary and sufficient condition for U to be circulant.
We note that the possibilities in the solution of (2) range from agents making many new links with small weights (corresponding to a dense matrix U with many small entries) to agents making a few links with large weights (corresponding to a sparse matrix U with few significant entries). In the rest of this paper, we will demonstrate that when f encapsulates the rate of convergence to consensus then the solution of (2) corresponds to the generation of sparse long-range links for all but very large values of δ.
III. OPTIMAL LINK CREATION FOR CONSENSUS FACILITATION
In this section we first describe a performance objective that captures the speed with which the network converges to average consensus. We use this objective together with (2) to formulate the optimal link creation problem, and rewrite it as a semidefinite program (SDP). We employ numerical experiments to show the sparse and long-range property of optimal links, as well as to demonstrate the graceful scaling with system size of the augmented network's temporal and graphical characteristics.
Consider a design problem in which we wish to augment the communication graph of a network in order to achieve the fastest possible convergence to average consensus. Let
, and consider the distance from average consensus at time k,
where Q := I − 1 n 11 * and * denotes the complex conjugate transpose.
The proof is simple and follows from the fact that all circulant matrices commute, and that Q 2 = Q, Q1 = 0,
It follows trivially from (4) and the definition of Q that
Furthermore, it is easy to show that 0 ≤ λ 0 < 1, and that the inequality in (5) is satisfied with equality if x(0) is aligned with the eigenvector corresponding to λ 0 . Note that λ 0 is the square of the second-largest eigenvalue modulus (SLEM) [21] of the matrix T . We conclude that to optimize the speed of convergence to consensus in the augmented network, we need to minimize the largest eigenvalue of the matrix (ST + U )
This determines the objective f in problem (2).
We thus formulate the optimization problem
In what follows, we demonstrate the convexity of (6) and rewrite it as a semidefinite program. Problem (6) is closely related to the fastest mixing Markov chain problem formulated in [21] . In contrast to [21] , however, we incorporate a budget δ for the creation of new links at every node, and eliminate any additional architectural constraints on the new links other than their circulant structure. Indeed, we will see that this framework allows for the uncovering of pivotal communication topologies in the network, as characterized by the nonzero entries of the optimal matrix U .
We hereafter replace the inequality constraint d ≤ δ in (6) with the equality constraint d = δ, and claim that the resulting optimization problem is equivalent to (6) , in the sense that both problems render the same augmented network. To elaborate, let (U opt , d opt ) with d opt < δ be a solution of (6) . Then it is easy to see that there always exists a matrix U , satisfying U 1 = δ1, such that the dynamics of the augmented system resulting from (U, δ) is identical to that resulting from (U opt , d opt ); indeed, the matrix U = (δ − d opt )T + U opt satisfies U 1 = δ1 and uniquely solves the equation
For simplicity of notation, we define the dynamics of the augmented system as
which allows the elimination of the first two constraints in (6) . We now formulate the main optimization problem of this paper, namely the problem of optimal circulant link creation
recalling that δ ≤ 1. Note that when resources are abundant and δ = 1, the globally optimal solution of (7) is given by U = 1 n 11 * , which renders the complete graph with homogeneous links T u = 1 n 11 * , [21] .
Problem (7) can be rewritten as minimize γ subject to γI T *
or equivalently, using the Schur complement, as the semidefinite program (SDP)
Hereafter in this work, problems (7)- (8) will be the main focus of our investigations. In the rest of this section, we will demonstrate the topological and scaling properties of the solutions of (8) using numerical examples.
Before proceeding, we define the (system-theoretic) notion of rate of convergence-to-consensus of the circulant network associated with T as
1 To see how the convergence properties of the solution T u of (8) compare to that of T , we normalize the rate of convergence of T u with that of T and consider ξ(T u )/ξ(T ). This normalization will be particularly revealing when we consider the scaling of ξ(T u ) with network size.
We also employ the (graph-theoretic) notion of the average path length of the graph associated with T , defined as the average of the shortest paths between all pairs of nodes in the graph. We use the notation X i,j to refer to the (i, j)th entry of a matrix X. For a given T we define its associated binary matrix A as
The graph corresponding to A is the unweighted version of the directed graph corresponding to T . Let ∆(T ) denote the 1 Part of the motivation for the definition of ξ comes from the continuoustime consensus problemẋ = −L x considered in [5] , where changes to the second smallest eigenvalue ξ of the symmetric Laplacian matrix L of a network was investigated as a result of the addition of new links. Given a temporal convergence-to-consensus of e −ξt for such a system, and comparing it to the convergence behavior λ k 0 ≡ e (log λ 0 )k for a discretetime consensus network (5), one obtains the correspondence ξ ∼ − log λ 0 . Ref. [5] further normalizes ξ by considering ξ/ξ 0 , where ξ 0 denotes the second smallest eigenvalue of the Laplacian of the original network. matrix of node distances (∆(T )) i,j := length of shortest path from node j to node i in directed graph defined by A, where every link has unit length and (∆(T )) i,i = 0. The average path length of T is now given by
(∆(T )) i,j .
Illustrative Example
We consider a graph with n = 28 and nearest neighbor interactions described by a circulant matrix T whose first column τ is given by τ = We emphasize that T need not be symmetric and our choice of a symmetric T here is merely for the sake of clarity of exposition, as it leads to visually simpler plots. The entries of the first column µ of the optimal circulant U resulting from problem (8) appears in Fig. 1 . For all computations we use CVX, a package for specifying and solving convex programs [24] , [25] . It can be seen in particular that when δ is small and thus resources for the creation of new links are scarce, the optimal solution corresponds to each node making a link of strength δ to the node farthest away from itself, hence maximally reducing the graph diameter. We emphasize that this solution is not obvious; for example, it is reasonable to expect that the optimal link-creation policy for every node is to distribute its recourses democratically and make links to all other nodes in the network. In Sec. IV we will revisit the small-δ problem, which we refer to as the creation of 'weak' links, and will bring to bear perturbation methods to further explore the topology of optimal links. Moreover, inspired by [5] , we investigate changes in ξ(T u )/ξ(T ) and (T u ) resulting from variations in δ. Fig. 2 demonstrates these changes for δ varying in [0, 1], where T is taken as the same circulant matrix defined earlier. Fig. 2 is similar to findings in [5] and illustrates that even small values of δ in (8) lead to dramatic improvements in the rate of convergence-to-consensus for the augmented system. 
Scaling-in-n of ξ(T u ) and (T u )
Issues of scaling are prominent in network analysis and design. We consider the scaling-in-n of the solutions of (8) with respect to two characteristic quantities of dynamical networks: convergence rate and average path length.
We consider graphs with nearest neighbor interactions described by circulant matrices T ∈ R n×n whose first column τ is given by τ = While maintaining the same nonzero entries for T (and therefore the same local interaction topology) and fixing the value of δ, we increase the network size n and observe the scaling properties of the solution of (8) . In particular, we examine the scaling-in-n of the convergence rate and average path length corresponding to the augmented system T u , and compare it with those of T . As before, all optimization problems are solved using CVX [24] , [25] .
Each subfigure in Fig. 3 corresponds to a different value of δ and demonstrates how ξ(T u )/ξ(T ) [on left] and (T u ), (T ) [on right] scale with n. Plots remain qualitatively similar for the entire range of δ values. The plots in Fig. 3 reveal that the newly created links have an increasingly prominent effect on the convergence rate as n grows. Furthermore, it can be seen that while (T ) scales linearly in n, the solution T u of (8) is such that (T u ) remains approximately independent of n.
IV. CREATION OF OPTIMAL WEAK LINKS: SPARSE & LONG-RANGE COMMUNICATIONS
In this section we consider the problem of finding optimal weak links, where we refer to a link as weak if it has small weight. Weak links can be thought of as modeling infrequent communication between the nodes they connect. The cohesive power of weak ties and their importance in the diffusion of information in social networks was illustrated in the seminal work [17] . We use perturbation methods to find conditions on the network architecture which guarantee optimal weak links that are both sparse and long-range. All proofs are omitted due to space limitations and will be reported elsewhere.
We reconsider problem (7) under the assumption that δ is a small positive number ε, and hence the elementwise-positive matrix U has small entries
The conceivable scenarios resulting from solutions of (9) range from every node making only one link of weight ε to every node making many links whose weights add up to ε. Prop. 5 and Prop. 6 in what follows will establish conditions on T such that the optimal U resulting from (9) corresponds to the generation of sparse and long-range links. We begin, however, by exploiting a perturbation framework in Props. 2-4 to simplify (9) .
We replace the objective in (9) with its first-order Taylor approximation around U = 0,
with matrix variable V and scalar-valued linear function g, to form the problem minimize g(V )
To elaborate on the relationship between problems (10) and (9), let δ = ε be a given small number signifying the total weight of the new links to be created by each node, and let V solve (10) . Then U := εV is an approximate solution to (9) for small enough values of ε.
Proposition 2:
We have
where P = p 1 , . . . , p r ∈ C n×r is a matrix whose columns constitute normalized and mutually orthogonal eigenvectors corresponding to the largest eigenvalue λ 0 > 0 of T * T − 1 n 11 * with multiplicity r.
We thus formulate the optimal weak link creation problem
We state some definitions and notation before stating our next result. Let the unitary matrix F denote the discrete Fourier transform,
We will hereafter use hatted variables to denote the Fourier transform of matrices and vectors,
for any n-vector x and n-by-n matrix X. It is well-known that all circulant matrices are simultaneously diagonalized by F [22] , so that if X is circulant thenX is diagonal. Let τ andτ respectively denote the first column of the circulant matrix T and its Fourier symbol,
where e 1 denotes the 1st standard basis vector in R n . Then
withT := F T F * .
2
Proposition 3: Let the real circulant matrix T be such that
Then the largest eigenvalue λ 0 > 0 of T * T − 1 n 11 * has multiplicity r = 2, and the matrix P of orthonormal eigenvectors of T * T − 1 n 11 * corresponding to λ 0 is given by P = F * e 2 , e n , where e i denotes the ith standard basis vector in R n .
Motivated by Prop. 3, hereafter in the paper we make the following assumption.
Assumption 1:
The real circulant matrix T with T 1 = 1 and T ≥ 0 satisfies |τ 2 | > |τ i | for i = 3, . . . , , withτ i defined as in (14)- (13) .
When T is taken to represent social interactions for example, it is reasonable to expect that it satisfies Assumption 1. Roughly, this is because the influence of agents on one another deteriorates as they grow more distant, and therefore the nonnegative entries of T decay as one moves from the main diagonal to the n 2 th upper and lower subdiagonals. This implies that any (appropriately shifted) row of T has a larger component in the direction of the first spatial harmonic ϕ 2 = F * e 2 (and ϕ n = F * e n ) than in the direction of any other harmonic, i.e., T ϕ 2 2 > T ϕ i 2 or equivalently |τ 2 | > |τ i | for i = 1, 2, n.
, and thereforê
Proposition 4: If Assumption 1 holds, then (11) is equivalent to the optimization problem minimize trace(K * V ) subject to
with K := T P P * , and P defined as in Prop. 3.
It is not difficult to show that (16) is a linear program. The following proposition is a consequence of Prop. 4 and is one of the main results of this work.
Proposition 5: If Assumption 1 holds, then the solution of (11) corresponds to the generation of sparse links.
One can interpret K as a 'filtered' version of T , where only the first spatial harmonic of the rows/columns of T survives the filter P P * , and the rows/columns of K inherit a pure cosine structure of period n and frequency l = 1.
Once again, if T is taken to represent social interactions where the nonnegative entries of T decay as one moves from the main diagonal to the n 2 th upper and lower subdiagonals, the solution of (11) corresponds to the generation of long-range communication links. In particular, if T is additionally assumed to be symmetric, thenτ ∈ R n , K i,j = 2σ n cos( 2π n (i − j)), and therefore the smallest entries of K occur at its |i − j| ≈ n 2 subdiagonal. This motivates the following assumption.
Assumption 2: Given the real circulant matrix T with T 1 = 1 and T ≥ 0, there exists some positive integer η n such that |θ| < 2π n η, with θ := ∠T 2,2 = ∠τ 2 . We can now state another main result of this work. (17) for some η ∈ Z, then the solution of (11) corresponds to the generation of a link between every node and its ( n 2 + η)th neighbor. Furthermore, if Assumption 2 holds, then for large n the solution of (11) corresponds to the generation of long-range links.
In summary, Assumption 1 and Prop. 5 ensure the sparsity of optimal weak links. However, while Assumption 1 restricts the rows (and columns) of T to have a strong first harmonic component, it does not restrict spatial shifts of this component. This motivates Assumption 2, which further limits the rows of T to being cosine-like, in the sense that T should attain its largest and smallest entries respectively close to its main diagonal and its n 2 th subdiagonal. Together, Assumption 2 and Prop. 6 ensure the long-range property of optimal weak links.
V. CONCLUSIONS
We consider the problem of optimal link creation for the enhancement of convergence to consensus in circulant networks. We formulate this problem as a convex program and show the favorable scaling properties of its solutions. We use a perturbation framework to further derive conditions on the network architecture that guarantee optimal weak links to be sparse and long-range. Our findings give credibility to the conjecture that the small-world networks observed across different scientific disciplines are a result of balancing the use of resources, as expended in the creation of new communication or interconnection pathways, and achieving high collective performance.
